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Ionization and Recombination in Plasmas

Anne Nouri' and Armel de La Bourdonnaye’
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lonization and recombination in a plasma are considered. They give rise to a
system of kinetic equations with cubic source terms. An existence theorem is
proved for such a system.

KEY WORDS: Plasmas; ionization; recombination; kinetic system of equa-
tions; cubic collision operator.

INTRODUCTION

Discharges on satellites are a recent domain of interest. They have been
observed at low altitude, and give rise to electron beams'* ' which degrade
the satellite’s efficiency. The discharges propagate in a plasma created by the
ionization of desorbed neutral molecules.!'"’ The processes of ionization and
recombination have already been described, among other collisions, in ref. 9,
and numerically simulated in refs. 13 and 14. In this paper, we focus on the
ionization and recombination processes arising in such sparse plasmas. We
will not take into account the excitations of molecules going along with such
phenomena.'”’ lonization of a molecule colliding with an electron and giving
rise to an ion and two electrons is considered, as well as the reciprocal recom-
bination phenomenon. Kinetic equations are more appropriate than fluid
ones because of the sparsity of the considered plasmas. The source terms
contain cubic terms. Cubic terms also arise in the study of nondegenerate
semiconductors.''" By Fermi’s principle, however, the distribution function
there is known to be bounded. Multiple collisions have been taken into
account in the Boltzmann context with discrete and semidiscrete models.>*’
Here, analogously to the Boltzmann equation, the presence of cubic terms
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gives rise to the mathematical problem of giving them a sense, since the
distribution functions are only expected to belong to L' log L'.!""® In this
paper, we overcome this difficulty by assuming that a molecule and a
subsequent ion in an ionizing collision have the same velocity.

1. THE IONIZATION-RECOMBINATION SYSTEM AND
A PRIORI ESTIMATES

Let &(v,, v,, U3, U4, Us) be the transition rate from an ion and two elec-
trons with respective velocities v,, v,, and v; to an electron and a molecule
with respective velocities v, and vs. Then,

(v, Vs, U, Uy, Us) =0&(D), U3, U, U4, Us),  (v;)€RY, 1<ig5(1.1)

By the conservations of momentum and energy, the support of « is the set
Mo +M(vo+0v3)=M,v,+M,,vs (1.2)
IMul+iM (34 03)=iM vi+iM, 02 +4 (1.3)

m

where M;, M,, M, and 4, respectively, denote the ion, electron, and
molecule masses and the ionization energy. Let f(¢, x, v), g(t, x, v), and
h(t, x, v), respectively, denote the ion, electron, and molecule distribution
functions. We only consider collisions between particles of different types.
Hence the ionization-recombination system is

.fl tuv- V\f

= — f(t, x, v) I (v, 05, U3, Uy, Us) g1, X, U5) g(1, X, U3) dVa3ys

+j<i(v, Uy, Ux, Ug, Us) g(8 X, 04) AL, X, U5) dUsrss (1.4)
gl+U'V.\'g

= —g(t, X, U) |:2 j (X.—(U|, v, 03’ 04’ US) f(t’ X, l)|) g(t7 X, l)3) dUIMS
+J&(U|, vs, U3, U, 05) A1, X, vs) dv|z35]
+jo?(vl, Uy, U3, U, Us) f(2, x, 0,) g(t, x, v,) g(1, x, 03) dv |35

+2Jof(vl, v, V3, Uy, Us) 8(1, X, U4) h(2, X, Us) dU |45 (1.5)
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h,+v-V.h

= —h(t, x, v) J &V, Vs, U3, Uy, ) g2, X, 0,) dV 224

+jd(v,, vy, U3, Ug, 0) f(L x, 0)) g1, x, 05) g(t, X, 03) dv 234 (1.6)

This system will be considered in a periodic box A, with nonnegative initial
data (fo, &0, h1o) = (f(0), g(0), 4(0)) such that

foll+oP+Inf)eL,,  go(l+|v|>*+1Ingy)eL’,

(L.7)
ho(l+ |v]>+Inhy)e L,

Let us first notice that nonnegativity is preserved, ie., f, g, and 4 are non-
negative like f;, g4, and 4,. Then, adding (1.4) and (1.6) and integrating
over (0, t) x A x R? gives

J AS+h) x, u)dxdv='[ (fo+ho)(x, v) dx dv

A xR, A xR,

so that, by (1.7),

[ g+mnxvydedr<co,  teR* (18)

AxR':.

Analogously, adding (1.5) and (1.6) and using (1.7) gives

j (g+h(t,x,v)dxdv<oo, reR* (19)

Ax Ry

Moreover, adding (1.4)-(1.6) and integrating over (0, t) x 4 x R} yields
[ g+t x v dxds
Ax R}

=f' R}(f0+g(,-i-ho)(4\‘,z;)dxdu-—-[ &(v,, Vs, U3, Vg, Us)
AxR, (

O.I)xAxRIIf
i

X (f(s, x,0,) g(s, x, v5) g(s, X, v3) — g(5, x, vg) h(s, X, vs5)) dv; dx ds
(1.10)
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Then, multiplying (1.4)—~(1.6) by M, |v|%, M, |v|?, and M,, |v|?, respectively,
and integrating over (0, 1) x 4 x R; gives

j (M.f + M, g+ M, h)(1, x, 0) |o] dx do

AR

=j ‘(Miﬁ)+Mt‘g()+Mmh\'))(*Ys U) lUlzd\'dU

.'lxR",
+f LA{vy, va, U3, Uy, U5)[FUS, X, 0y) g5, X, 05) 805, X, 03)
0.1 x A x &S
1

—g(S, X, 04) /l(sg X, US)]

X {(~M;vi—M(v3+0v3—v])+ M,,v3) dv,dx ds, teR*  (1.11)

By (1.3), the right-hand side of (1.11) is

[ (M St Mgyt Mo ho)x, ) o] d do

xR

_2AJ‘ lAa—(Dlﬁula Us, 045 US)
((LllxxlxR‘)

X {f(s.x,0)) g8, X, 02) g(s, X, v3) —&(s, X, v4) (s, X, v5)) dv; dx ds
which, by (1.10), is equal to
J. (M fo+M, g4+ M, h)x,0) Iulzdxd{’
AxR

+2Zf (f+g +h)(t, x, v) dx du

AxR}

—21 f ot gatho), v) d do

Hence

[ (regemx o bPdedi<co, reR* (1.12)
xR}
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Finally, multiplying (1.4) by In f, {(1.5) by In g, and (1.6) by In 4 and
integrating over (0, 7) x A4 x R* gives

f (fIn f+gln g+ /hlnh)t, x,v) dxdv
A xR}

+f LGV, 03, 03, 04, Us)LS(s, X, 01) g8, x, 05) g(s, x, 03)
(U.I)X/IXR}.'
1

—g(s, x, vy) h(s, x, v5)]

f.(S, X, UI) g(S, X, UZ) g(S, X, 03)
(s, x, vy) I(s, x, vs)

x In dv, dx ds

=j (foln fo+8goIn go+ hyIn hy)(x, v) dx dv (1.13)
A x R3

It follows from (1.7), the nonnegativity of the second term of the left-hand
side of (1.13), and a classical argument‘®’ that

j (fIn fl+g|ln g|+ 4 |ln k)2, x, v) dx dv < oo, teR*  (1.14)
A xR}
and

'[ &(vy, vs, U3, Vg, 0s)[ fs, X, v,) gls, X, v5) g(s, X, v3)
IR*><,‘I><IRE,].5

—g(s, x, v4) A(s, X, v5)]

In S5, x,0y) g(s, x, v5) g(s, X, v3)

dv; dx d 1.1
g(s, x, v4) I(s, x, vs) v; dX ds < o0 (1.15)

Remark. The a priori estimates (1.8), (1.9), (1.12), (1.14), and (1.15)
also hold when A is a bounded set, for given ingoing data as boundary
conditions.

2. EQUAL ION AND MOLECULE VELOCITIES. DEFINITION OF
A SOLUTION

Taking into account that M, < M,, we can approximate the momen-
tum and energy conservation laws by

V) =1Us

M (v3+v3)=Mv2+24
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Hence we consider transition rates & of the following type:
(A1) &(v, vy, U3, Uy, Us)=0(vy, Uz, U3, U4, Us) Og

where S denotes

S={(v)eR"/v,=vs5, M (v3+03) =M v2+24}
Denote 4 :=24/M,, and
Z(v,, U3, 04) := {3, U5, 0)/03+ 03 =05+ 4}

We assume that o is a nonnegative measurable function satisfying
(A2) [y ey o V1 D2, 03, 04, 0y) doy doye L*(RY )
(A3) §aay in e 01, 025 03, 04,0 ) doge LE(L) Y LY(L))

Moreover, assume that the initial data are nonnegative and satisfy (1.7) and
(A8) foeL'(RY; L*(A,)), goe L' (A, xR?), hye L'(R}; L™(A,))
(A9) Ve>0,3n>0: CcR and |Cl<n=[lfo+hollLyc:oan <€

It follows from (A1) that the ionization-recombination system (1.4)—(1.6) is
fi+v-V.f

= —f(t, X, U)J (X.(U, Ua, U3, Uy, U) g(f, X, Uz) g(t7 X, U3) d0234
Ziry. vy, vy)

+ h(t, x, D)J (v, U5, 03, Vs, ) g1, X, 0y) dVasy (2.1)

2(1'2,4‘3.1‘4)
g+tv-V.g
- —slt x| 2] vy, 8,0, 04,0,) (1, %, )
R;‘.l x Z{r. ey ry)

x g(t, X, 03) dv sy

+I \ a(vs, U3, U3, U, Us) A1, X, vs) dvsss
IR;.; X Z{ry. 3. T)

+I vy, 01, U3, 0, 0) S8, X, 0)) (1, x, 05) g(t, X, v3) dv»;
"

;"I x Z(ry, 3. )

+2I oa(vs, U, U1, Uy, Us) 81, X, 04) H(2, X, 05) dv345 (2.2)
R,

;‘_5 x Z{v, ey, ry)
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h,+v-V.h
=f(ta X, U) J (X.(U, 02: U3, U4’ U) g(f’ X, 02) g(ta X, U}) d0234
Z(ry. vy g)
—h(t, x, U)J (v, U5, U3, Uy, 0) g(1, X, Ug) dvazy (2.3)
Z{ry, 3. ry)

Adding (2.1) and (2.3) leads to
(f+h),+v-V(f+h)=0

so that, by (A4),
[ (10t x,0) do=[ (fy +ho)x—10,0) do < o0 (24)
Hence / belongs to L™(R* x A ; L'(R?})). Moreover, by (A2) and (1.9),
L(r:- e (v, Uy, U3, Uy, U) g1, X, 04) dv334

belongs to L™ (R* xR?, L'(A,)).
Hence their product is well defined. Then,

St x, v)

J.R*xxlxﬂ}‘

X a(v, v,, U3, Vg, U) g(t, X, 15) g(1, X, U3) dvsyg dv dx dt
Ziry, vy, )

=J a(v;) f(t, x,v,) g(t, x, vy) g(t, x, v3) dv,; dx dt
R* x4 xRS

Sj a_(ui) g(t’ X, 04)11(t’ X, US)dvidth
R* x A x RIS

]an‘R &l (i(l),)[f([, X, U|)g(t, X, UZ) g(t’ X 03)
*x A xRS

—g(t, x, v4) h(t, x, v5)]

X, t, X, Uy t{, X, .
«1n 2% ‘ég’t‘)vg(u’)‘h(”t—)fi )Y %) gy dxdt<co, j>1 (2.5)
s vvsy Uyg 3 #vy U5
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by the last argument and (1.15). Hence

f([, X, U)J~ v, Usy U3, Uy, D) g(f, X, U:) g(t’ X, U3) dvz_u
Z(rs ryory)
and
h(t, x,v) f (v, vy, U3, 0y, U) L, X, 04) dssy
Z(r:.r:‘q)

belong to L'. And so the usual solutions f and / of (2.1) and (2.3) in the
distributional sense can be considered. Analogously, by (1.9), (24), and
(A2)

glt, .\‘,U)J (Vs sy Uz, Uy Us) BT, X, Us) dUsss
ﬁ:_xl(r:.r‘.r)

and
J (U5, U, U, Uy, Us) glT. X, Uy) H(2, X, 05) dUys
'T{'z x Ztr. vy ry)

belong to L'. Similar arguments to (2.5) prove that the right-hand side of
(2.2) belongs to L', so that the usual solution g of (2.2) in the distribution
sense can be considered.

Remark. We have just proved that our equations for electrons, ions,
and neutral molecules can be treated in the distributional sense, in contrast
to the DiPerna-Lions case for a single-species gas. This is so because our
collision terms are in L', whereas the DiPerna-Lions collision term is only
in L' after renormalization.

3. APPROXIMATE SOLUTIONS

A truncated version of the ionization-recombination system is used.
For any positive integer », let

IPu=fnn [ =min(f, n)]
%015 Uy, Va2, Dy, Us) =00y, Vg, U3, Das U5) X34 i<m

w=fy An, go=8u AN, hy=hyAn
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Here, y,- denotes the characteristic function of the set X. Let the truncated
ionization-recombination system be
=—(h+v-V.h)

= —f &, (0, U3, U3, Uy, 0)S(0) 8l02) 8(03)),, dvsay

Ziry. ryory)
+j au(vv UZ’ {;3* U-h {7)<g{ﬁ4)h(l})>" dU.’_34 (31)
Ztry vy vy

g+v-V.g

= —2f X o, (D), 0, Ua, g, 0 ) f(0)) g(0) 8(03)), dvyag
Ry = Ztr ey,

+| 3,05, 3. 3, 0, 05) QD) H(05), dbgag
g x Z{1

a0

+f . a0, Us, U, 0, 0 fley) g(es) gloa)), dvyas
' x 2

P )
+2f o, (Us, U, s,y Uy, 050 gl0g) M(0s)D, dvays (3.2)
Ry = Z(r.ey.oeg)

with solutions f”, g", and /" taking f7, g;. and /1 as initial values. The
existence of /*, g”, and A" is proved by a Banach fixed-point argument in
C(0, T; L' (A x R*)) for any T> 0, hence in C(R, ; L'(4 x R*)). Moreover,
S g, and " belong to L% (with an L“-bound depending on n). By
similar arguments to Section 1, they satisfy

J' (f::+gll+h”)(] X, U)(]—{—IU' )(]\ dv<c
xR}

f S x, o)1+ |p]2+ )In £t x, o)) dxdv<c
o

(3.3)
f "4, x, v)(1+ o] + |In g"(t, x,0)|) dxdv<c

A

f e, x, o)1+ |o]* 4+ [In h"(¢1, x, v)|) dx dv < c, teR,
Axpd
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and

0<[ [ a0 02 €003, — (8" K (05)),)
0 Ax B3

S"(v1) g"(v5) g"(v3)
gn( 04) h"(US)

x In dv;dx dt<c (3.4)

Here ¢ are constants independent of n. It follows from (3.3) that { /), (g"),
and (/") are weakly compact in L'(4xR?) for +=0 and in L'((0, T) x
AxRY) for T>0.

Proposition 3.1. Let f”, g”, and /" be solutions to (3.1)—(3.2).
Then, for any y € L” ((0, T) x A x R¥; L'(R?)),

If"(f, X, v) Y, x, v, w) dv

J gt x, 0) (1, x, v, w) do
and
jh”(l, X, v) (L, x, v, w)do

belong to a compact set in L'((0, T) x 4 x R}).

The averaging technique of Golse er al'®’ will be used in the form
stated in ref. 6.

Lemma 3.2. Let (E,ux) be an arbitrary measure space, and let
YeL” ({0, T)x AxR* L'(E)).

(i) If /" and F" belong to a weakly compact set in L'(K) for any
compact set in (0, T)x AxR* and f"+v-V, f"=F" in the distribution
sense, then jw f™ dv belongs to a compact set in L'((0, T)x A x E) for
any compact set X in (0, T) x A4 x R*, provided that supp y <« K x E.

(1) If in addition /" belongs to a weakly compact set in L*((0, T) x
AxRY), then [, /™Y dv belongs to a compact set in L'((0, T) x A x E).

For a proof of Lemma 3.2, see refs. 6 and 8.
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Proof of Proposition 3.1. Given the weak L' compactness of f*, g",
and /1, it remains to prove that the right-hand sides of (3.1)—(3.3) are
locally L' compact in the sense of Lemma 3.2. We have that

J a,,(U, DZ, U}, 049 v)(g”(t» X, Ud) h”(t’ X, U)>n dv:}‘l

Ziry vy ry)

is bounded in L! , since

loc?

j XJ o, (0, U3, 3, Uy, V) (1, X, 04) B(1, X, 1)), dvsyg dX dv
xR Y2

Z(ry. oy, 0y)

< AL,

MY

f a(v, Uy, U3, Uy, U) dvyy
Z

Z{ry. vy 0y)

(L lg"l IASVANN)

s
Ll'.r_l

Moreover, for any measurable set B x C, where Bc R x4 and Cc R,‘

J. J o, (0, U1, Vs, 04, U)K (1, x, 04) B(E, X, 0) ), dszy dt dX dv
BxC

PATSYNE Y

= (e, x, v) [[ (v, Us, U3, Uy, U}
BxC Alra o ryovg)

x g"(t, X, vy) d1)234] dt dx dv

is arbitrarily small when |B x C| is small enough. Indeed, the L'(R} x A1)-
weak compactness of

BA0, Uay 05, 0y, 1) g(1, X, 0,) dUa3y
Ziry. ryory)

follows from the weak L'-compactness of (g") and (A2). Hence, if |B] is
small enough and C is bounded,

J~nx C (1 x.0) [f/

AT

o, (U, U1, D3, Uy, U) g"'(1, X, 1Y) dva dt dx dv

<c |4 LAWY x4 LqED) L . g"(1, x, v3) dvydx dr

)
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is arbitrarily small. Whereas if B is bounded and |C| small enough,

J h'(t, x, u)_[ &, (D, Ua, U3, Uy, U) 81, X, Uy) dvarg dt dx do
BxC Z(ras rq. y)
<c¢ [ (fo+ho{x—1v,0) j g1 X, v) dog dr dx dv

BxC B

<cllfo+hg ”L'((': LA lg"l LR+ L = By

is arbitrarily small, by (A5). Since every small set in R* x A x R* is small
in the v direction outside of a small set in R* x A, it follows that

f J o, (U, 05, U5, Uy, V)

MR TR A FU RSN U]

x (gt x, vy) (1, x, 1)), dvasy dt dx dv

is arbitrarily small when |4, . .| is small enough. Then

l o, (Ly D2y U3, Oy, 0IS(0) 87(02) 87(03)) dvasy

AT Y

gjj a,,(l?, Us, U3, Uy, U)<g”(vd) II”(U)>,, (IUZR-‘
Ziry rary)

1 .
+1“J a, (0, 0, U3, Ug, 0)[S"(0) g"(,5) g"(03)),
02 e e

{S"(v) 8"(v,) g"(03)D
<g"(v4) ;2"{0)>n

—<g"u) 1'(v)),] In = d sy, Jj>1 (35)

so that the weak L'-compactness of the first term of the right-hand side
and the arbitrary smallness of the second term of (3.5) imply the weak
L'-compactness of

f Blv, vy, vy, vq, ) (1, X, 0) (1 X, 05) g7(1, X, 03)D, dvay,

Zirs.ryry)

The weak L'-compactness of the right-hand sides of (3.2)}-(3.3) follow from
similar arguments.
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4. AN EXISTENCE THEOREM

Theorem 4.1. Let («, f,, gy, h1y) satisfy (A1)-(AS5). Then there are
solutions f, g, and / to the ionization-recombination system (2.1)—(2.3) in
distribution sense on R* x A xR} Moreover, f and / belong to
L*(R* x A; L'(R})) and

f Sl x, (1 + [o]> + |In f] (1, x, v)) dx dv < c0
xR}
f gt x, v)(1+ |o]> +|In g| (¢, x, v)) dx dv < 00 (4.1)
xR
J Rt x, o)1+ o>+ [In A} (¢, x, v)) dx dv < o, teR™*
xR

Proof of Theorem 4.1. By a Cantor diagonalization argument, it is
enough to prove Theorem 4.1 on an arbitrary interval of time (0, 7). Let
us pass to the limit in the weak formulation satisfied by /", namely

4[.1 x i i) oy —J.'rlxﬂé:‘h"d/(O) _I‘;I. J.que.x W +o- Vg

= —J J W, X, 0)) 0, (V12341)
O Trx. 0 YR

:I X Z(rs vy ry)

X gt X, v4) W8, X, 00)D,, dvyasy dt dx

+£n. 'l'lx.l'[ I//(f, 'Y’vl)alr(UI234|)

Ul':l x Z{ra, ryty)
x M x,v) g, X, 0,) g8 X, 03)), dv sy dE dx (4.2)
where ¥ is a compactly supported function belonging to C'((0, T') x 4;
L7 (R*)). It follows from the L'(A4 x R*) weak compactness of h*(t, -, -), as

well as the L'((0, T) x 4 x R*) weak compactness of /", that the left-hand
side of (4.2) converges to

T
f h(r)gp(r)—j 11(,¢(0)—f f W, +v-V)(1)
xR} A xR} 0

A x R

822 87 3413
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when » tends to infinity. Moreover, the energy bound from (3.3) and the
weak L'-compactness of (g”) imply that

J. f N W(Ta X’Ul)[an(ull}’ﬂ)(g”(t’ X, 04)11”(1‘# X, US)>II
(0. Tyx A YR, x Zley. ry.ry)
1

—~a(Uya2a1) &1, X, vy) W'(1, X, v5)] AU 2a, dE dx
tends to zero when n tends to infinity. By (3.4) and similar arguments,

J‘(u‘ Tyx A J; (e, x, 0)

;‘_] X Ziry. 3 ry)
X Lo, (01234 ) S8 X, 00) g7(1, X, 03) g7(8, X, 05)),
— ol Dyaaa1) S X, 00) (1, X, 02) (1, X, 03)] dbyaag dE dx
tends to zero when » tends to infinity. Therefore it remains to pass to the

limit in

J ‘[ it x, 0)) a(v0aq)
(0, TYxA 'R

:l X Zlry, vy vy)
x g"(t, x, v3) B'(1, x, v5) dv sy df dx

and in

J J . Y(t, x, vy) a(v12341) S, X, 0y)
(0. Tyx A R;,I X Z(rq. 1y, ty)

x g"(t, x,0,) g"'(t, X, 03) dv sy dt dx

By (A2) and Lemma 3.2,

J(g"—g)(!, X, Uy) j w2341 ) A2, X, v)) dvyay dvy

Ri“ X Ztrnyg)

and
j(hu_h)(t, X, Uy) [J (v 12341) Va3 | dv
Zlryy)

strongly converge to zero in L'((0, T)x A). By Egoroff’s theorem, let
o< (0, T)x A be such that |¢°] is arbitrarily small and

J(g"—g)(l‘, X, vy) J‘ . a(Vy2341) (L, X, 0,) dv a3 dvy

IR;_l x Z(r:‘m)
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and

J(h”—h)(l, X, Uy) “’/ 0‘(012341)51”23} dv,
Zlrag)

converge to zero when n tends to infinity, uniformly with respect to
(t, x}eo. Then

J J- . (V12340 M8 (L, X, 04) B"(1, X, 0y)
T U{;IXZ(F:N)

—g{t, X, v) W1, X, v)) dv 224 dt dx

<

T

f(g”—g)(t, X, U4)J a(vy2341) 11, X, 0)) dv )5y dog | di dx

R:‘ x ZUeazg)

+ L f g'(t, x, uy)

[ =nex,0,)
"

X J <x(U]334| )] dU]g; dU] dU4 dt dx
Aeay)

tends to zero when n tends to infinity. Indeed, (g”) is uniformly bounded
in L'((0, T) x A x R?). Moreover, the convergence to zero of

J ‘[ . (02341 H (1, X, 04) (2, X, 1)
a R;.le(rru)
—g(t, x,vy) A(t, X, ) dv |2z, dt dx

follows from the L'((0, T) x A) weak compactness of
Jh" (r, X, D, Jg”(t, X, v”)[f o(V)2341) a’vz_;] dv, dv,
R Ziryy)
Let us prove that

lim j J a0y )L S8 X, 0)) £7(1, X, 02) g"(1, X, v3)
n— ot 20, T)x.1 R;‘,Ixzum)

—flt, x, v,) g1, x, v5) g(t, X, 03)] dv sz dt dXx =0



658 Nouri and de La Bourdonnaye

By (A3), Lemma 3.2, and Egoroff’s theorem, there is a set 6 = (0, 7)) x 4
such that [o¢| is arbitrarily small and

J, (g =g, x, v3) “ . a(V12341) de dv,

a2
ry =4 =0 ry/ry=ritry—dA

and

j(f”-f)(r,x,v.)“ o

a(u|234,)dv4] dv,

rpry=es+ary -

converge to zero when n tends to infinity, uniformly with respect to
(t, x) e 0. Restricting o if necessary, we can also assume that j g(t, x, v) dv
is bounded on o. Then,

J J : a{vyna )L X, 00) g1, X, 0,) £7(1, X, v3)
a Y8 x Zlragy)
XA

—fltx, ) g(t, x, v5) g(t, X, 0:)]) dvjaey dt dx

f, (8" —8)(1, x, 03)

iz A- 0

gJ‘ _[f"( t,x,v,) g"(t, x, 0,)

a

dv, dv, dt dx

X{J v s . oc(v,z“,)du_,] dv,
rry=rit+ey—

f, (g =gt x, v,)

3z A -y

+ j [ i 0 gt x,09)

dvs dv, dt dx

X[j L., v ) dog | do,
rgey=ri+ey~4

+ng(l,,\‘. Uz)J, L8t x,v3)

ryzd—r;

X

[ o= s
R

X[J . oc(v,234,)du4] dv, | dvy dv, dt dx
1'4‘l'j=l!§+r_;—/l
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tends to zero when » tends to infinity. Indeed,

J jf”(z,x,v,)g”(t,x, v,) dv, dt dx

'[ '[f"(t, x,v,) glt, x, v3) dvy, dt dx

7

and

J

T

[J glt, x, v) dv]— dr dx

are bounded. Moreover, the convergence to zero of

J‘ ‘ L (234 )L (8, x, 00) g7(2, X, 02) 8"(1, X, v3)

S
) X AT

— flt, x, 0,) g(t, X, vy) g(t, X, 03)] dv2y dt dx

follows from the L'((0, T) x A) weak compactness of
'[ (02340} S8 X, 0,) g7(1, X, 05) g7(2, X, v3) Aoz, dE dx
138 xZ(rlu)

Finally, it follows from (2.4), (1.8), (1.9), (1.12), and (1.13) that f and
h belong to L*((0, T)x A; L'(R;)) and (4.1) is satisfied.
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